Recently, all duality invariant α -corrections to the massless NS-NS sector of string theory on time-dependent backgrounds were classified and the form of their contribution to the action were calculated. In this paper we introduce matter sources in the resulting equations of motion in an O(d, d) covariant way. We show that either starting with the corrected equations and sourcing them with matter or considering corrections to the matter sourced lowest order equations give the same set of equations that defines string cosmology to all orders in α . We also discuss perturbative and non-perturbative de Sitter solutions including matter, and explicitly show that de Sitter solutions are allowed non-perturbatively. *
Introduction
String theory is the main candidate for a unified theory of quantum gravity. Despite of many advances in understanding its non-perturbative structure, most of the calculations are still done in perturbation theory. There are two expansion parameters in string theory: the dimensionless string coupling constant, g s , and the dimensionful string length, √ α [1, 2] . While expansion in the former is basically theh expansion present also in particle-like theories, the expansion in α is purely stringy and can be thought of as coming from corrections due to the extended nature of the strings. Therefore, low-energy effective supergravity theories at energy scales much smaller than 1/ √ α , which implies curvature scales R small compared with the string length, are approximations to the full spacetime theory, that should include all α contributions. Thus, these theories defined in the regime of large curvature, R/ √ α 1, cannot be trusted as we approach the string scale, and they must be corrected non-perturbatively at such scales.
Given that supergravities are low-energy theories for the massless spectrum of the strings, which includes the metric, these α -corrections are important for having a sensible description of the fields in regions close to apparent singularities which arise in the perturbative description, possibly removing them even in the absence of quantum effects. Thus, once we are able to include α -corrections in a consistent matter for cosmological backgrounds, we can study whether singular solutions can be smoothed out. Note that cosmology offers a very promising window to explore observational consequences of string theory. Thus, studying cosmological solutions in string theory is a very well motivated path to pursue [3, 4] (for reviews on String Cosmology see [5, 6, 7] , and references therein). Also, since computing stringy effects on arbitrary backgrounds is a very laborious task, time-dependent but space-independent settings may help to understand corrections for simple but non-trivial backgrounds.
Indeed, early studies [8, 9] in String Cosmology showed that under a cosmological ansatz the D = d + 1 dimensional supergravity action has a global O(d, d) symmetry, generalizing the previously known scale factor duality [10] . In [11] , an explicitly O(d, d) covariant formalism was developed, with a manifestly duality invariant action. Moreover, in [12] it was shown that the O(d, d) symmetry is present to all orders in α provided no fields depend on the d spatial coordinates. On the other hand, the first order α -corrections to supergravity were computed in the late 1980's [13, 14, 15] , and in past years the use of dualities have helped the calculation of corrections in Double Field Theory (DFT) (see [16, 17] for original articles on DFT and [18, 19] for reviews). For α -corrections from DFT see [20, 21, 22, 23] , and references therein.
Recently, motivated by the impact which winding modes have in toroidal compactifications, cosmological solutions in Double Field Theory started to be explored [24, 25, 26, 27, 28] . One of the aims of these studies was to explore the nature of the solutions in situations where singularities in the supergravity approximation arise. However, no α -corrections were considered, and such corrections are expected to be important. Thus, any development towards finding α -corrections to Double Field Theory will have important consequences for these solutions. It is worth stressing that the duality coming from toroidal backgrounds is actually relating two seemly different but physically equivalent backgrounds, while the global O(d, d) duality discussed in [11] , and in this paper, relates physically different backgrounds. In the latter case, given a solution we can construct a different new one by applying an O(d, d) transformation to the first, while T-duality relates physically equivalent backgrounds. For now on, we use the term "duality" to refer to the global O(d, d), that may not be related with T-duality since the space could be compact or not.
Although the O(d, d) transformations also receive α -corrections, it was shown in [29] that we can redefine the fields such that the form of the transformations are preserved, at least to first-order in α . Assuming that this is the case to all orders, i.e., that there are field variables in terms of which the duality transformations are preserved, it was shown in [30] that it is possible to classify all O(d, d) invariant α -corrections. Hohm and Zwiebach considered a formalism with manifest O(d, d) symmetry and showed that there are field variables which allow the full action to be compactly written in terms of O(d, d) covariant fields.
In spite of [30] having established significant progress in understanding the α -corrections on cosmological backgrounds, only the vacuum theory was developed and no matter sources were considered. The conceptual leap from General Relativity to Cosmology requires the introduction of matter and energy, ordinarily through the energy momentum tensor of a fluid. Hence, in order to have not only a time-dependent background in string theory, but also a framework to study Cosmology in string theory including the α -corrections, we need the gravitational sector to be coupled to matter. The matter sources can be introduced in the context of string theory or purely phenomenologically. In the former approach we would study the massive modes of the strings, given by an infinite tower of excited states. This has been modelled as a gas of strings [3, 4, 11] . In the latter approach we simply postulate a phenomenological energy momentum tensor that is used to construct stringy inspired models. In fact, the inclusion of matter to the framework was recognized as a future direction in the conclusion of [30] .
The goal of this paper is to push forward this program and construct a full α -corrected manifestly O(d, d) covariant formulation of String Cosmology in the presence of matter. At lowest order in α , this was partially accomplished in [11] (see also [7] ). We base our analysis of the matter sector on [11] , and use field redefinitions inspired by the ones in [30] to write the String Cosmology equations in a duality covariant way. We derive a set of equations that can be used to explore the α -corrections to several possible setups in String Cosmology, for instance the String Gas Cosmology scenario [3, 31, 32] , Pre-Big Bang cosmology [33] and the more recent string black-hole gas picture [34] . We also find perturbative solutions and discuss conditions for de Sitter solutions non-perturbatively, including matter fields.
The paper is organized as follows. In Section 2, we provide a briefly review of the results obtained in [11] , highlighting how to get an O(d, d) covariant description of fluids. In Section 3, we present a summary of the results from [30] . In Section 4, we show the duality covariant equations for String Cosmology, proving that we get the same structure for such equations regardless of including matter before or after field redefinitions. Section 5 introduces the αcorrected Friedmann equations while Section 6 provides a discussion of perturbative and de Sitter solutions. In Section 7 we conclude.
Lowest order vacuum action and α -corrections
The gravitational sector of all superstring theories includes the fields coming from the massless level of the bosonic string theory: the metric, G µν (x), the Kalb-Rammond 2-form field B µν (x) and the dilaton φ(x). The low-energy effective action for these fields is given by
where H µνρ is the field strength for B µν and R is the metric Ricci scalar. For a cosmological background the ansatz for the fields is given as
, and the action can be written as [8, 7] 
where D = 1/n∂ t , Φ = 2φ − ln √ det g and D = d + 1. The trace is on the 2d indices of the matrix
where 
Instead of the equation for S, we can use the conservation of the O(d, d) charge to close the system [30] ,
where
In [30] , it is shown that one can use field redefinitions to bring corrections of order α k into the form
with X being a strictly arbitrary function of DS, with no extra time derivatives appearing 1 and no factors of (DS) 2 . To prove this, it was assumed that the (k − 1)th order action has the desired form, and then it was shown that by doing field redefinitions at order k in α , one can write the kth order action as (10) . Crucial was the fact that only the 0th order action should be varied under the field redefinitions; the higher order terms contribute to the O(α k+1 ) action only. Explicitly, under the transformation
the variation of the second term in
contributes to O(α k+1 ) only. The proof was achieved by showing the following properties:
1. A factor D 2 Φ in the action can be replaced by a factor
that contains only first order derivatives of Φ;
2. A factor D 2 S in the action can be replaced by a factor
that contains only first order derivatives of S;
3. Any action can be reduced so that it only contains first time derivatives of Φ and S. This is based on integrating by parts the higher order derivatives until only second order derivatives are left, and then using the previous properties to get rid of them. Formally, this is equivalent to changing the derivatives D in terms of the form
toD, which acts on a function F of S, DS and DΦ as
4. Any action of kth order in α is equivalent to one without any appearance of DΦ (for k > 0). This is shown by using field redefinitions of Φ;
5. Any factor of (DS) 2 in the action can be removed by redefining the lapse function n(t).
Notice that all these properties follow from the structure of the variations of the action with respect to the fields, i.e., they follow from the forms of the E Φ , E S , E n , which are related to the forms of Q Φ and Q S .
For a Friedmann-Lemaître-Robertson-Walker (FLRW) ansatz, g ij = a 2 (t)δ ij and b ij = 0, it was also shown in [30] that only the single trace higher order terms contribute and the corrected action to all orders in α is given by
where the values of the coefficients {c k } for k = 1 are not known 2 and take different values for different string theories (c 2 = 1/64 for heterotic strings and c 2 = 0 for type II strings, for instance). Note that (17) is a large simplification over what could be expected from higherderivative corrections for (1): not only does the dilaton contribution have the same structure, but there are no extra time derivatives of DS.
The α -corrected equations of motion are then (setting n = 1)
where we stressed that the equation of motion for S is equivalent to the conservation of the O(d, d) charge Q. Using g ij = a 2 (t)δ ij inside S, these questions simplify to [30] 
and denotes a derivative with respect to the Hubble parameter, H ≡ȧ/a. It was shown in [35, 30] that under some assumptions on the function F (H) there are de Sitter solutions to the equations (21) , and that we can construct perturbative solutions by solving the equations order by order 3 . Conditions for having a de Sitter solution in the Einstein frame were studied in [38] . Furthermore, in [39] Anti-de Sitter solutions for the bosonic case were explored, and in [40, 41] non-singular solutions were discussed. However, we should note that despite the fact that these equations define consistent time-dependent string backgrounds (once we specify the values of c k ), they remain pure vacuum equations for the background fields, which means there is neither energy density nor pressure sourcing them. In order to improve this framework with a consistent matter coupling, we can first consider how duality invariant stringy cosmological equations have been introduced in the presence of matter at lowest order in α in [11] , as done in the following section.
Matter coupling to the lowest order vacuum action
In [11] the equations of motion from the quadratic action I 0 were coupled with a gas of noninteracting strings, in a fully O(d, d) covariant way (see also [7] ). In this section we review the approach of [11] considering a slight generalization after starting from a general matter action, instead of only a gas of strings, assumed to be duality invariant. The total action is, therefore, given by
where we generically denote the matter fields as χ(t) (with only time dependence to be consistent with the symmetries of the background). We assume that S m is O(d, d) invariant, which is certainly true for a gas of strings [7] (see also [4] ), but it is also a reasonable assumption for semi-phenomenological analyses. We also include a dependence on the generalized dilaton field Φ(t) in the matter action in order to be as general as possible (see for instance [28, 34] ).
Varying the action with respect to Φ gives
and so the equation of motion for Φ is E T Φ = 0,
where we defined a dilatonic charge
and the bar denotes multiplication by √ g,σ ≡ √ gσ.
Varying with respect to S gives [11] 
As explained in [30] , due to the fact that S 2 = 1 we need to vary the action in terms of an unconstrained variable, such that the equations of motion are not simply the vanishing of F S . In fact, defining the unconstrained variation δK as
the equations of motion follow from
Therefore, we have
where we defined the O(d, d) covariant energy-momentum tensor
Notice that the variation of the matter action in (27) is already unconstrained. This follows from the fact that δS = −SδSS which implies
and it straightforward to show that this guarantees that
and so we can write the O(d, d) energy-momentum tensor as
Varying with respect to n gives
Thus, the equation of motion for n, E T n = 0, is
where in the last equality we considered
given
As usual in cosmology, rather than working directly with the equations of motion for the matter fields χ, we can use the continuity equation due to the Bianchi identities. Taking time derivative of (36) and using equations (30) and (25), we find
Equations (25), (30) , (36) and (39) define String Cosmology in a O(d, d) covariant way to lowest order in α [11] . They reduce to the Pre-Big Bang equations [33] once evaluated in components of the O(d, d) tensors. In the next section we shall find all the duality invariant α -corrections to these equations, for a FLRW ansatz.
α -corrected action including matter
One might worry that including matter to the corrected action found in [30] would be inconsistent as one would be potentially neglecting α corrections to the matter sector. In this section, we argue that this is not the case, and that the inclusion of matter should be done given the full set of corrected gravity equations, i.e., that one should consider the following action
with
As we show in the following, even if we start with the lowest α order action coupled with matter (as done in [11] ), then include corrections and then perform the field redefinitions as in [30] , the final action has the same functional form as (40) . This follows from the fact that we can use matter field redefinitions to ensure properties 1 − 5, as described in Section 2, regardless of the inclusion of matter as we now show.
We would like to show that the α -corrected action has the form
Suppose that this is true for the (k − 1)th order in α . Now we consider a field redefinition as in (11) such that the action changes as
where again the variations of the terms higher order than the kth-order are inside O(α k+1 ). The difference between the present and the previous case is that we have the term δS m that generates corrections to the matter action after the field redefinitions. We have
Let us check the first property. Assume that the kth order action has a term of the form
Then we can use a field redefinition in Φ of the form (11), which implies
such that the Z k term is cancelled against the first term in δS T by choosing 2δΦ = −X. Thus, we have
and everything goes as if we had changed D 2 Φ in Z k to
Comparing with (13) , we see that the last term is the novelty after including matter. A similar modification also appears to Q S in (14) . We can get rid of the factor of D 2 S which appears in
by a kth order field redefinition of S in (11) , that would give
If δK/4 = −XG, then the first term in (49) cancels (48) and we get
The net effect is to change the D 2 S factor by
and we see that the difference to Q S in (14) is only the last term coming from the variation of the matter action. Note that when considering the properties 1 − 5 listed in Section 2, we would have modifications due to the new Q Φ and Q S that get modified as compared with the previous Q Φ and Q S . But by including matter we are also increasing the number of fields that can be used to do field redefinitions: now we can also redefine the matter fields. In fact, the last terms in (47) and (48) can be eliminated by redefinitions of the following schematic form
Under such a change, the matter action varies as
Thus, if the change of variables is such that
the last term in (47) cancels with δS m above, and we then have
Similarly, if the new matter variable is such that
then
Hence, by using matter field redefinitions of the form (52) we can preserve the form of the Q's in the presence of matter coupling, in such a away that the proofs of the properties 1 − 4 in [30] still apply. For property 5, we need to consider field redefinitions in the lapse function. Indeed, a term of the form
can be cancelled by a term in the variation of S T under n → n + α k δn,
that is,
The cancellation is ensured if we choose
That, however, implies that there is an extra term in the matter action,
Fortunately, we can still do a field redefinition on the matter field to also cancel this extra matter action. Indeed, choosing
we recover the original form of the matter action.
In order to exemplify how the change of variables in the χ are explicitly done, let us consider the case that the matter action acts like current terms of the background fields Φ and S
Note that all the dependence on the matter fields, that have been denoted schematically χ, is now inside the sources J. Thus, a variation in the matter fields should yield a variation in the currents. With that in mind, the conditions (54) and (56) for preserving the form of the Q's after including the matter action are equivalent to
which are explicitly solved by choosing
Therefore, we have shown that after redefining the matter fields, the inclusion of matter does not invalidate the properties 1 − 5 of Section 2. Thus, we can immediately use the results of Section 2 and write the corrections to the 0th order action (23) as
where X(DS) only contains first order time derivatives of S and does not have tr(DS) 2 factors. Finally, the α -corrected gravitional and matter system is described by
In summary, assuming again a FRLW ansatz, the α -corrected action including matter sources has the form (40) regardless of whether we couple matter before or after field redefinitions.
α -corrected cosmological equations
The equations of motion which follow from the action (40) are
which can be obtained by varying the action: the variation of the gravitational sector follows as in [30] while the contributions from variations of the matter action were calculated in Section 2. A consistency check is to note that these equations reduce to (25) , (36) and (30) once we put c k = 0 for k > 1 and c 1 = −1/8. Moreover, turning off the matter sources results in equations (18) , as expected.
Another important consistency check is to confirm that the continuity equation (39) is still satisfied. This should be so, since α -corrections should not violate diffeomorphism invariance and, therefore, they should preserve the Bianchi identities. In fact, taking time derivative of (69b) and using the expression forΦ from (69a), we get
while multiplying (69c) by SṠ and taking the trace gives
which can be used to simplify (70), yielding 
the transformation for S following from its definition, S = ηH. To find the α -corrected Friedmann equations, we write
with g = a 2 (t)I and n(t) = 1, where I denotes the d-dimensional identity matrix. Thus,
where T is the space components of the energy momentum tensor of the matter fields,
and similarly
It is straightforward to show that
such thatT
as it should be due to (32) . Now, using
we getT
Using (see equation (4.5) in [30] )
where I is the d × d identity matrix, we have
Then, the equation for S (69c) is
and, defining the function f (H) as in [30] ,
we have 1 2d
The matrix product in the right-hand side is simply
Taking the trace of equation (86), we find
which can be written as,
Using the expression for the derivative of S in equation (82), the equation for the lapse (constraint equation) iṡ
Finally, the equation for Φ is
Note that 
In summary, the equations areΦ
which imply the generalized continuity equatioṅ
that can also be obtained by evaluating the second term in (72) using the explicit expression forT in (81). As expected, these equations are invariant under the scale factor duality transformation a → 1/a, since under this transformation we have
which relies on the fact that the matter action is duality invariant, which is the case if one considers it to be given by a gas of free strings [11, 4] . This is a remnant of the O(d, d) transformation (73) for the FLRW background.
Cosmological Solutions
Having the α -corrected equations of motion for a cosmological background, we can start to consider some typical scenarios. For simplification, we assume no dilaton coupling σ = 0 (though see [28, 34] ) and a barotropic equation of state of the form p = w(t)ρ. Using relations (92) we can write equations (93) asΦ
and the standard continuity equation followṡ ρ + dHp = 0. (98)
Solutions for a constant dilaton
It is known that having a rolling dilaton leads to violations of the weak equivalence principle [42, 43] , which has been tested to ever increasing precision (see for instance [44] ). Thus, at least concerning late-time cosmology, it is expected that the dilaton field is constant 4 . Moreover, dilaton stabilization is also fundamental from the perturbation theory point of view, since the dilaton modulates the strength of the string coupling and, therefore, its divergence would prevent us of considering the classical regime given by the tree level contributions. In the context of bosonic supergravity at lowest order in α , a constant dilaton implies a unique equation of state, corresponding to radiation, w = 1/d. We now study if this remains true both perturbatively and non-perturbatively. Assuming a constant dilaton, φ = φ 0 , the shifted dilaton is given bẏ
Plugging this into (96c) and then solving forḢ, we finḋ
Adding equations (96a) and (96c), and using (100) together with (99), we have
Using (100) and (99), equation (96b) can be written as
and then, from equation (101) we have
Therefore, given an equation of state w(t), we can use (103) to find F (H) and then (100) to find H(t). Then, using the continuity equation (98), we can solve for ρ(t). Thus, we have a systematic way to generate solutions given an equation of state (for constant dilaton) 5 . Now we can easily see that the only equation of state compatible with the 0th order expansion is the one corresponding to radiation. Consider only the first term in the expansion of F (H) in equation (103), then all the terms will be proportional to H 2 and we end up with an algebraic equation for w in terms of d, that has w = 1/d as solution.
Let us see how this equation of state gets modified when we include α -corrections. For that, let us expand F (H) perturbatively as 6
Then, to first order in α , (103) gives
Assuming a constant w, the vanishing of the 0th order terms implies a radiation equation of state, but then the 1st order terms do not vanish. In fact, not only does it seem that a radiation equation of state is not a solution to the perturbative solution of the equations, but no constant equation of state will be a solution. One should have either a non-perturbative solution or a time dependent w. Other than these possibilities, the only case left for constant w is to have also H = H 0 constant. In this case we are lead to consider de Sitter solutions, discussed below. For now, let us consider a varying equation of state w(t). Its time dependence at first order in α contributes to the second line in (105), so that it can cancel those terms by adjusting the parameter in the expansion of w(t). Such kind of cancellation can also occur for higher orders in α . Let us construct explicitly the perturbative solution up to order α 2 . Motivated by the expansion of F ,
consider the expansion for w in terms of H 2 ,
Then, equation (103) gives
From the first line, we have w 0 = 1/d. Using this result in the coefficient of the second line and demanding it to vanish, we can solve for w 2 and get
Using the values of w 0 and w 2 in the coefficient of the α 2 H 6 term and imposing it to be zero, we have
so that we can match the coefficients of the α -expansion order by order on the two sides of equation (100) to get the time dependence of H(t). Doing so, we arrive at
The time evolution of the energy density can be found by using the continuity equation. We have ln
which can be calculated after using the expressions for w 0 , w 2 , w 3 , H 0 , H 1 and H 2 ,
which is schematically of the form
We can continue to higher orders in α , leaving all the coefficients in the expansions for H(t), w(t) and ρ(t) in terms of the c k constants and the number of spatial dimensions d.
Therefore, we see that a constant dilaton implies a specific equation of state, completely determined by the number of dimensions and the string coefficients {c k }. Conceptually, this is analogous to what one obtains after considering the lowest order equations, for which the equation of state is determined as a function of the number of dimensions d and the first coefficient, c 1 = −1/8. What we observe here is that a constant dilaton is compatible with a unique solution for the matter sector as well, but that has to have a time-dependent equation of state.
de Sitter solutions
Since the current paradigm of early universe cosmology involves a de Sitter like equation of state during an early phase of inflation [46, 47, 48, 49] , it is of interest to study under which conditions de Sitter solutions can emerge from our setup. As was already shown in [30] , there are choices for the set of coefficients c k which admit de Sitter solutions in the absence of matter. In the following we show that such solutions can also be constructed in the presence of matter. However, in light of the swampland conjectures on effective field theories consistent with string theory (see e.g. [50, 51] and [36, 37] for reviews) it is questionable whether the solutions we find are actually consistent with the sets of coefficients c k which follow from string theory. Nevertheless, since our analysis includes all the α -corrections, it sheds a new light on the issues. Here, we will consider the possibility of obtaining exact de Sitter solutions both in the String and Einstein frames.
Exact de Sitter solutions have H = H 0 = constant. Thus, the equations of motion (96)
Taking the time derivative of (120b), we get (assuming w = 0)
Then, using (121) in (120c), we can writė
which impliesΦ
This gives us a prescription for how the shifted dilaton must be varying so that we have a de Sitter solution in String frame regardless of the equation of state. Now we can consider different possibilities. We still have not considered equation (120a), which can be combined with (120b) and (120c), and then using (121) it yieldṡ
Since now we have two quadratic equations forΦ, namely (122) and (124), which must provide the same solutions, their coefficients have to be the same, giving us two conditionṡ
We now look closely to some particular cases.
Constant equation of state
For a constant equation of state, (123) impliesΦ = const (and we still need to take care of w = 0 separately). And from (121), we know thaṫ
We analyse each case separately in the following. TheΦ = 0 case. From (120c), F (H 0 ) = 0, while from (120b),p = 0 (or w = 0). And (120a) implies
and thus the energy density ρ is either decaying exponentially or it is zero. In the latter case, ρ 0 = 0, we then have F (H 0 ) = 0 and we recover the solution discussed in [30] . However, in the former case we haveρ 0 = 0 with pressureless matter (this hints that the Hagedorn phase in string cosmology could induce an exponentially expanding phase in the String frame). In both cases, we have a running dilaton, 
where as in [30] the first factor in parenthesis is an arbitrary series in H 2 and F (H 0 ) constrains {d p }. Note that the bracketed term in the product is only to the first power here since F (H 0 ) = 0. TheΦ = dH 0 w 0 case. From (120c), we see that F (H 0 ) = d 2 H 2 0 w 2 0 , and from the continuity equation we haveρ =ρ 0 e −Φt . Meanwhile, equation (120a) implies
and (120b) givesp = w 0ρ , a barotropic equation of state. This solution is valid for any constant equation of state. In this case, the dilaton evolves aṡ
Curiously, for w 0 = −1 we will have a de Sitter solution in both Einstein and String frames. This opens room for considering inflationary models in the context of α -corrected cosmology [52] . If w 0 = −1, then we only have de Sitter solution in String frame. Note that for w 0 = 0, we can also impose (125b), so that 
Naturally, we can use the same prescription as in (130) and write
where {f p } are constrained by the value of F (H 0 ).
The w = 0 case. From (120b), we see thatΦ = 0 or F (H 0 ) = 0. The former case was already considered above. For the latter, we can solve (120c) for Φ(t),
where it was assumed F (H 0 ) > 0; for F (H 0 ) < 0, then we have a cosine inside the log instead. Plugging this solution into (120a), we arrive at
Thus, if we do not want to have negative energy density, we need F (H 0 ) = 0 and we recover the vacuum case discussed in [30] . The other possibility is to have F (H 0 ) < 0, then the energy density decays exponentially with time.
Constant dilaton
Forφ = 0, then we haveΦ = −dH 0 andΦ = 0. Thus, the equations of motion become
where k ≡ κ 2 e 2φ0 . We see right away that
which is the same as having w 0 = −1, corresponding to the same solution we have obtained above in (134). We also know from the continuity equation that the energy density and pressure will be constant in this case.
We can now consider a consistency check: let us impose first that w = −1 andφ = 0 in (103), and see if that implies necessarily that H is constant. It is easy to see that the equations imply
providing a unique solution F (H) = d 2 H 2 , which impliesḢ = 0 after (100). Therefore, the α -corrected cosmology allows a de Sitter solution which does not violate the weak equivalence principle in the presence of an equation of state w = −1 both in the Einstein and String frames.
Dynamical equation of state and dilaton
For the more general case, we can use the solution for the shifted dilaton (136). Focusing on having F (H 0 ) > 0, we can solve exactly for the energy density and pressure,
We see that in order to have the energy density always positive, we need to have
which also tells us that F (H 0 ) and H 0 must have the same sign. The equation of state is
Asymptotically we have
In this limit where the equation of state becomes constant, we can use (125a) and (125b) to show thatΦ → const., recovering exactly the cases given by (126). A generic plot of the equation of state respecting the energy condition (142) can be seeing in Fig 1. t w(t) Figure 1 : The equation of state is an odd function of time, where the origin is precisely when the shifted dilaton and dilaton have the same value, i.e., representing the self-dual point of the scale-factor duality. It also characterizes the end of the contracting de Sitter phase (t < 0) and the beginning of the expanding phase (t > 0).
Einstein Frame
In both scenarios in which we appear to have a quasi-de Sitter expansion in the history of the universe, namely inflation and dark energy, the accelerated expansion is in the Einstein frame.
We now look at our equations from its point of view. In [30] , the Hubble parameter in the Einstein frame was shown to be
where t E is the cosmic time in the Einstein frame, and it relates to the cosmic time in the String frame, t, as
since time has to be reparameterized after assuming G 00 = −1 in String frame. In order to have de Sitter in Einstein frame, we need dH E (t E )/dt E = 0, which implies
Of course we see that if we do not want to have violations of the weak equivalence principle, meaning that we requireφ = 0, thenΦ = −dH and the condition impliesḢ = 0, which is a consistency check at this point. More generally, imposing (147) to (96c), we have 2(d − 1)Ḣ + (d + 1)Φ 2 + 2(d + 1)HΦ + 2dH 2 − (d − 1)F (H) = 0.
For a constant dilaton, it implies
since for a constant dilaton de Sitter must be a solution for both frames, recovering the solution F (H 0 ) = d 2 H 2 0 .
Conclusions
In this paper we have included matter in an O(d, d) covariant fashion to the framework developed in [30] , which includes all the α -corrections that respect this symmetry in a cosmological background. We have shown that matter sources can be either included directly to the αcorrected equations in vacuum or to the lowest order low-energy effective action for the bosonic supergravity sector and then having it corrected, leading to the same equations of motion.
Having the non-perturbative equations of motion in α for a cosmological background including matter sources, we have considered different cosmological ansatze. Similar to standard results in bosonic supergravity for a vanishing two-form, we have shown that a constant dilaton fixes completely the equation of state perturbatively order by order in the α -expansion. However, it does not correspond to the radiation equation of state. In fact, perturbatively we have shown that no constant equation of state is possible in such a scenario. One should note that although the equation of state is completely fixed, it depends on the string theory being considered (at the lowest order all string theories have the same coefficient c 1 = −1/8, which is the only coefficient needed in that case).
We have also studied de Sitter solutions non-perturbatively, both in Einstein and String frames. We have shown that de Sitter solutions in the String frame are allowed and not restricted to a cosmological constant-like equation of state, as long as the dilaton is evolving (which prevents having the same solution in the Einstein frame). Those solutions have the Hubble constant completely set by the overall energy density instead of the string scale.
We have also shown that for a constant dilaton there is a unique solution for the equation of state that gives de Sitter non-perturbatively in α : a cosmological constant, w = −1. Moreover, this solution has the Hubble constant given by the scale set by overall energy density and not the string scale. This is to be contrasted to the fact that at the lowest order in the α -expansion the only solution for the equation of state while the dilaton is held constant is the one corresponding to radiation. More generally, we have shown the precise evolution of the equation of state and shifted dilaton so that a de Sitter solutions holds in String frame.
In a future work, we plan to investigate if the w = −1 solution is an attractor of the late-time cosmology. In light of the various no-go arguments against de Sitter space in the context of string theory, and the recent constraints on inflationary cosmology [53] resulting from the Trans-Planckian Censorship Conjecture [54] , it is also important to explore the feasibility of other cosmological scenarios (see e.g. [55] for a comparative review). In particular, it is of interest to explore the possibility of obtaining the quasi-static phase expected from the Hagedorn regime for a hot gas of thermal strings advocated in [3, 56] .
